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Abstract 

We study the cluster automorphism group of a skew-symmetric cluster algebra with ge¬ 
ometric coefficients. For this, we introduce the notion of gluing free cluster algebra, and 
show that under a weak condition the cluster automorphism group of a gluing free cluster 
algebra is a subgroup of the cluster automorphism group of its principal part cluster algebra 
(i.e. the corresponding cluster algebra without coefficients). We show that several classes of 
cluster algebras with coefficients are gluing free, for example, cluster algebras with principal 
coefficients, cluster algebras with universal geometric coefficients, and cluster algebras from 
surfaces (except a 4-gon) with coefficients from boundaries. Moreover, except four kinds of 
surfaces, the cluster automorphism group of a cluster algebra from a surface with coefficients 
from boundaries is isomorphic to the cluster automorphism group of its principal part cluster 
algebra; for a cluster algebra with principal coefficients, its cluster automorphism group is 
isomorphic to the automorphism group of its initial quiver. 

Key words. Cluster algebra; Cluster automoiphism group; Gluing free cluster algebra; Cluster 
algebra from a surface; Universal geometric cluster algebra. 
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1 Introduction 

After introduced by Sergey Fomin and Andrei Zelevinsky in BFZ021 . cluster algebras have been 
showed to be linked to various areas of mathematics, see for examples, I GFS081 FlOl F1Q[ iRlOl 
K121 M14 1. and so on. However, as an algebra itself with combinatorical structure, it is natu¬ 
ral and interesting to study the symmetries of a cluster algebra. For this, Assem, Schiffler and 
Shramchenko liASS 12 1 introduced cluster automorphisms and the cluster automorphism group 
of a cluster algebra without coefficients. These concepts and some similar ones are studied in 
many papers IIS 101 IASS 121 |BQ12l IASS 13l IBD1 31 IKP131 lNT3l IZ061I . In this paper, we initial the 
study of the cluster automorphism group of a cluster algebra with coefficients. We are interested 
in the dependence of the cluster automoiphism group on the choice of coefficients. We are also 
interested in the relations between the cluster automorphism groups of different cluster algebras. 

We consider in this paper the skew-symmetric cluster algebras of geometric type, that is, the clus¬ 
ter algebras determined by ice quivers without loops nor 2-cycles. An ice quiver is an oriented 
diagram Q associated a subset F - [n + 1, n + 2, • • -, n + m } (the set of frozen vertices) of its vertex 
set Qq - {1,2, - • •, n + m }. The full subquiver of Q with vertex set <2o \ F (the set of exchangeable 
vertices) is called the principal part of Q, and we denote it by Q ex . By associating each vertex 
1 < i < n + m of Q an indeterminate element jq, we have a set x = {x\,X 2 ,- ■ •, x n+m ], which 
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is called a cluster. Then the cluster algebra q is a Z-subalgebra of the rational function field 
T — Q(jci , • • ■ ,x n+m ) generated by variables in clusters obtained by iterated operations so called 
mutations from the initial cluster x. The variables labeled by frozen vertices are the coefficients of 
J\q. The cluster algebra Tdg" is called the principal part cluster algebra of J[q, it is a coefficient 
free cluster algebra. 

A cluster automorphism of 3\q is an algebra automorphism which maps the initial cluster x to a 
cluster and commutes with the mutation. An easy observation is that the group Aut{J[Q) depends 
on the choice of coefficients. To describe this more precisely, we classify the coefficients of AR q 
by considering the relations of frozen vertices in Q with respect to the exchangeable vertices. Let 
/' and k be two frozen vertices, if the number of arrows from j to i (or from i to j) is equal to 
the number of arrows from k to i (or from i to k) for any exchangeable vertex i, then we say that 
these two vertices j and k are strictly glueable (Definition 13. II) . It is not hard to see that exchang¬ 
ing the coefficients xj and Xk induces a cluster automorphism of ARq (see Proposition 12.51 ). The 
cluster algebra ARq is called gluing free if there exist no frozen vertices are strictly glueable in Q 
(see Definition 13.71) . Then we prove that for a gluing free cluster algebra AR q with at least two 
exchangeable vertices in Q , the group AuI(ARq) is a subgroup of Aut(RQ<~) (see Theorem 13 .16b . 

To prove Theorem 13. 161 we consider the exchange graph Eq of ARq, which is a n-regular con¬ 
nected graph whose vertices are clusters and whose edges are labeled by mutations. We introduce 
the automorphism group Aut(EQ ) of Eq which consisting of automorphisms as a grapt@. Then by 
using the fact that Eq is independent on the choice of coefficients ffCKLPf3 1. we prove Theorem 
I3.16l bv viewing Aut(ARQ) and Aut(RQ^) as subgroups of AiU(Eq). 

In this paper, three kinds of cluster algebras are of particular importance. The first one is the 
universal geometric cluster algebra (Definition 12.71) . which is slightly different from the initial 
universal cluster algebra introduced in ltFZ07l . It is a universal object, in the view point of coef¬ 
ficient specialization, in the set of cluster algebras with the same principal part. The second one 
is the cluster algebra arising from an oriented marked Reimman surface with boundaryI FST08 ]. 
The another kind is a cluster algebra with principal coefficients. We show that a cluster algebra 
with universal geometric coefficients, a cluster algebra (with coefficients) from a surface (except a 
4-gon), and a cluster algebra with principal coefficients are gluing free in Proposition 13.91 Propo¬ 
sition 13.101 and Proposition [3T8] respectively. Thus by Theorem 13. 161 the automorphism groups 
of these cluster algebras are all the subgroups of the corresponding principal part cluster algebras. 

Generally, for a gluing free cluster algebra ARq, Au{(Rq) may be a proper subgroup of AuI(RqiA) 
(see Example [7]). But for the cluster algebras from oriented marked Riemann surfaces, these two 
groups are isomorphic with each other (Theorem l3.18l) . For a cluster algebra with principal coef¬ 
ficients, the cluster automorphism group is isomorphic to the automorphism group of the initial 
quiver (Theorem |3. 1 91 ). 

As showed in Example [7] for an universal geometric cluster algebra AR“ ruv with principal part 771, 
Aut(AR umv ) may be a proper subgroup of Ant (AAA). However, we prove in the subsequent paper 
IICZ15all that Aut{AR umv ) is always isomorphic to Aut(AR), if AR is a cluster algebra of finite type 

2 We owe this definition to Thomas Briistle. 
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and Fl“ mv is the FZ-universal cluster algebra introduced in l lFZ07l . Generally, /LffiFlg) may 
be a proper subgroup of Anf(Fg), even though Fig is coefficient free. In the subsequent paper 
ttCZ15bll we prove that for a coefficient free cluster algebra Fig, the two groups Awf(Flg) and 
Aut(Eo) are isomorphic, if FI is of finite type, excepting types of rank two and type F 4 , or FI is 
of skew-symmetric finite mutation type, that is, a cluster algebra with only finite quivers up to 
isomorphisms. 

The paper is organized as follows. In section [2 we recall some basic notions on cluster alge¬ 
bras, especially cluster automorphisms, coefficient specializations and cluster algebras arising 
from surfaces. In subsection 13.11 we define the notion of gluing free cluster algebra and prove 
some properties. We introduce and consider the automorphism group of an exchange graph in 
subsection [321 Finally, in subsection 13.31 we prove some main results. 

2 Preliminaries 

2.1 Cluster algebras 

We recall that a quiver is a quadruple (Qq, Q\, s,t) consisting of a set of vertices Qq, of a set of 
arrows Q\, and of two maps s, t which map each arrow a e Q\ to its source s(a) and its target 
t(a), respectively. An ice quiver is a quiver Q associated a subset F (the set of frozen vertices ) of 
Qq. The full subquiver Q ex of Q with vertex set Qq \ F (the set of exchangeable vertices ) is called 
the principal part of Q. The opposite quiver of (Fisa quiver Q op obtained from Q by reversing all 
the aiTows. We always assume in this paper that there are no loops nor 2-cycles in an ice quiver, 
and no arrows between frozen vertices. We also assume that an ice quiver and its principal part 
are connected. For two ice quivers Q and Q', an isomorphism cr from Q to Q' is a bijection from 
Qq t° Qq, which maps exchangeable vertices (and frozen vertices) to exchangeable ones (and 
frozen ones), such that the number of arrows from a vertex i to a vertex j in Qq is equal to the 
number of arrows from cr(i) to cr{j) in Q' 0 , we write Q = Q' to quivers which are isomoiphic with 
each other. Then for a quiver Q, all of its automorphisms consist a group Aut(Q), we call it the 
automorphism group of Q. 

Let n + m — \Qq\ be the number of vertices in Q, and denote the vertices by Qo - {1,2, • • •, n + m} 
and the frozen vertices by F = {n + 1, n + 2, • • n + m\. We associate an extended skew-symmetric 
matrix B = (, bji\ n+m)xn to Q, where 



We call B the exchange matrix of Q, its upper n x n part the principal part of B and its lower m x n 
part the frozen part of B. Let i be an exchangeable vertex of Q, we define a mutation of Q and a 
mutation of B as follows. 

Definition 2.1. I\FZ02\I 

(a) The mutation of Q at i is an ice quiver pi(Q. F) = (p;(Q),p;(F)), where p,(F) = F and 
Pi(Q ) is obtained from Q by: 


3 








- inserting a new arrow y : j —* kfor each path j —> / —> k; 

- inverting all arrows passing through i; 

- removing the arrows in a maximal set of pairwise disjoint 2-cycles; 

- removing the arrows between frozen vertices. 


(b) The mutation ofB at i is a matrix pjB) = (b' jk ) nxn e M nxn (Z) given by 



-bjk ifk-iorj-i ; 

bjk + \{\b jk \bki + b jk \b k i\) otherwise. 


Then these two kinds of mutations correspond with each other, that is, pi(B) is the exchange 
matrix of Pi(Q). We always write pjQ) to pi(Q,F ) for brevity. By associating each vertex 
1 < i < n + m in Q o an indeterminate element x;, we have a set x = {x\,X 2 , ■ ■ ■, x n+m j. We call 
X = ( Q , x) a seed, x a cluster and an element in x a cluster variable. 

Definition 2.2. lFZ02\l Let i be an exchangeable vertex of Q, the mutation of the seed X in the 
direction i (or Xj) is a seed pfZ) = (jufQ), pj(x)), where pfx) = (x \ {.r,}) U {x'fi and: 

x i x 'i = Y\ xj b » + Y\ x f bji (!) 

1 ; 1 ; 

bjj >0 bji<0 

We call ([7]) the exchange relation of the mutation, and call 

Pt = x i bfi and Pi = 0 Xj ~ bj ‘ ( 2 ) 

1 ; 1 ; 

bji> 0 bji<0 

the coefficients of the exchange relation. 

It is easy to check that a seed mutation is an involution, that is PipfL) = X. 

Definition 2.3. IFZ021 Denote by ,°Z' the union of all possible clusters obtained from x by iterated 
mutations. The cluster algebra 3 \q is a Z —subalgebra of the rational function field 'F = Q(xi, ■ • 
•, x n+m ) generated by cluster variables in SC. 

We call the variables in fx = \x n+ \,..., x n+m (the frozen cluster variables of FIq, and call the rest 
variables in SF the exchangeable cluster variables of J[q. Then in a seed (Q, x), x = ex U fx, 
where ex is the set of exchangeable cluster variables. Let P be the coefficient group of jRq, which 
is a multiplicative free abelian group generated by elements in fx. We call the elements in P the 
coefficients of J[q. We denote by Fq\T~ ] ] the localization of J[q at P, which is called the lo¬ 
calized cluster algebra of^Q. Note that Fq\T~ ] ] is the initial definition of the geometric cluster 
algebras given in IIFZ021I . A sequence (yi, ■ • ■ ,yi) is called (Q , x)-admissible if y\ is exchangeable 
in x and y,- is exchangeable in p yi { o • • • o p yi (x) for every 2 < i < /. A rooted cluster algebra 
associated to J{q is a triple ( Q , x, FIq) I ADS 141 . We call the pair (Q, x) the initial seed and x the 
initial cluster. We strictly distinguish the cluster algebras and the rooted cluster algebras in the 
rest of the paper. It has been shown in I GSV08 1 that a cluster x determines the quiver Q, and we 
denote its quiver by Q(x) and write p x to the vertex of Q labeled by a variable x in x. 
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2.2 Cluster automorphisms 


Let (Q,x,Aq) and (Q\ x',Aq') be two rooted cluster algebras, where x = ex U fx and x' = 
ex' U fx'. Recall from IADS 14 1 that a rooted cluster morphism f from {Q, x, Aq) to (Q', x', Aq>) 
is a ring homomorphism / : Aq —> Aq> satisfies the following three conditions, 

(CM1) /(ex) c ex' u Z ; 

(CM2) /(fx) cx'uZ; 

(CM3) for every (/, x, x'/Inadmissible sequence (jq, • ■ • , y/) and any y in x, we have f(p yi o 
■ ■ -°Py u x(y)) = P/tw) ° • • • op f(yi ) X ,(f(y)). Here a ( f,x,x')-biadmissible sequence (yi,--- ,y /) is 
a (g,x)-admissible sequence such that (/(yi), • • • ,f(yi )) is {Q’, x')-admissible. 

Definition 2.4. Let A and A! be two cluster algebras. 

(a) We call a map f : A! —» A a cluster isomorphism if there exist two seeds (Q', x') and ( Q , x) 
of A! and A respectively, and a bijective rooted cluster morphism f from (Q', x', A') to 
( Q , x, A) such that f = f on A'. 

(b) We call f : A —> A a cluster automorphism if f is a cluster isomorphism. 

(c) We call A ut (A) the cluster automorphism group of A, which is a group consisting of cluster 
automorphisms of A under compositions of automorphisms. 

The cluster automorphism of a coefficient free cluster algebra and its equivalent characterizations 
is given in I. ASSI21 . For cluster algebras with coefficients, we also have the following character¬ 
izations. 

Proposition 2.5. A ’Z-algebra automorphism f : A —» A is a cluster automorphism if and only 
if one of the following conditions is satisfied: 

1. there exists a seed I = (ex, fx, Q) of A, such that f(x ) is the cluster in a seed 27 = 
(ex', fx', Q') of A with Q' = Q or Q' = Q op , under the correspondence p x i—> Pf( X )i 

2. for every seed Z = (ex, fx, Q) of A, f(x) is the cluster in a seed 27 = (ex',fx', Q’) with 
Q' = Q or Q r = Q op , under the correspondence p x Pf( X) . 

Proof. Since Q and its principal part are both connected, the proofs are similar to the proofs of 
Lemma 2.3 and Proposition 2.4 in HASS 1211 . □ 

Lemma 2.6. We call a cluster automorphism ofAQ which maps Qto a quiver isomorphic to Q a 
direct cluster automorphism, then all the direct cluster automorphisms consist a normal subgroup 
AuP{Aq) of Aut(A) with the index at most two. 

Proof. By using above proposition, the proof is similar to the proof of Lemma 2.9 in BASS12 1. 

□ 


2.3 Coefficient specializations 

The cluster algebra with universal coefficients is defined in 1FZ071 . we state its definition in our 
settings, that is, the universal geometric cluster algebra. 
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Definition 2.7. I FZ07 . R14a\l Let Q be a quiver with n exchangeable vertices and without frozen 
vertices. We denote by RCA (Q) the set of rooted cluster algebras (Q, x, Pig), where Pig are 
cluster algebras of the ice quivers with the principal part Q. 

(a) Let (Q', x', Pig,) and ( Q ", x", Plg„ ) be two rooted cluster algebras in RCA(Q). Let P' and 
P" be the coefficient groups of Pig, and Plg„ respectively. If there is a group homomor¬ 
phism tp : F' —> P" that extends to a ring homomorphism tp : Pig, |P' _I ] —> Plg,,[P' /_ \ 
such that (fipffix'.)) = p ffix'f) for any 1 < i < n and any admissible sequence m, we say 
that both tp : P' —> P" and tp : Plg,[P' _1 ] —> LAq"\F"~ x ] are coefficient specializations. 

(b) Let (Q" mv , x“'" v , 3\qi„w:) be a rooted cluster algebra in RCA(Q) with coefficient group P. 
We call IRqiuuv a universal geometric cluster algebra ofRCA(Q), if for any rooted cluster 
algebra (Q' ,x', FIq') in RCA(Q) with coefficient group P', there is a unique coefficient 
specialization from SAq univ [p- 1 ] toj[ Q f r -1 ]. 

Remark 2.8. Since the cluster algebras we considered are geometric ones, the universal geo¬ 
metric cluster algebra is different from the initial cluster algebra with universal coefficients given 
in tFZ02\l . Some deformed universal geometric cluster algebras and their existences have been 
considered in a series of papers LR/2\ JRlTa. R14b l. 

The following is an equivalent characterization of coefficient specializations. 

Lemma 2.9. IFZ07I Let (Q',x',Fl q>) and (Q",LAq") be two rooted cluster algebras in 
RCA(Q). Let P' and P" be the coefficient groups of jAq> and FIq" respectively. A group ho¬ 
momorphism ip : P' —> P" is a coefficient specialization if and only if 

P(/V) = Pi.m 

for any exchangeable vertex i and admissible sequence m, where p'ffi, and p n± are coefficients in 
exchange relations of p m (x')) and of (ju m (Q"), p m (x")) respectively. 

It follows from lFZ07ll that a cluster algebra with universal coefficients (if there exists one) is 
unique. In our settings, we have the following more specific characterization for the uniqueness 
of the universal geometric cluster algebras. 

Lemma 2.10. Let (Q',x', FIq>) and (Q", x",FI q») be two rooted cluster algebras in RCA(Q) with 
IAq> and Fig" the universal geometric cluster algebras. We denote by B = (bjj) nxn the exchange 
matrix corresponding to Q, and by = (//.)(„ +m ') X n (or „")x« respectively) 

the exchange matrix corresponding to Q' (or Q" respectively). Then m! — m" and there is an 
invertible matrix A = (ajk) m ’xm" with entries in Z such that 


A r p m (B') = 

for any admissible sequence m, where p m (B') and p m (B”) are frozen parts of Pmijl) and p m 
respectively. 

Proof. Let P' and P" be the coefficient groups of FIq> and jAq" respectively. Since FIq> and 
LAq" are both universal geometric cluster algebras with the same principal part, there are two 
coefficient specializations tp : P' —> P" and f : P" —» P'. Then the composition ftp is a 
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coefficient specialization from P' to itself and thus ij/ip is the identity. Since P' and P" are both 
free abelian groups, they have the same rank, thus m' = m". We assume that 

V<K+j)= FI X '''+k lk 

for any I < j < m ', where each cijk is an integer number. Then we have a matrix A = (ajk) which 
is invertible since <p is an isomorphism. For any I < / < n, we consider the exchange relations 

X P + n x T bji 

b'..> 0 b'..< 0 

j< ji 

and 

= y\ 4 b "' + n 

>o fc"<o 

Art ki 

Since (fix'.) = x” for any I < j < n, the equality cfipfx'f = pfx") is equivalent to 

n ( n x " + k ik ) b[n+i)i = n aM 

1 < 1 1 < 7<m" 

Z7'.>0 b"> 0 

y* 



n < n 

= n x n^ hUm 


1 1 

1 < _/<m" 


b f ..< 0 
ji 

6"<0 

Thus we have 

n < n 

= n 


1 </<ra' 

1 ■CM'ijn" 

and finally 

Xi a i kb '(n+jy 

- h" 

~ U (n+k)i■ 


1 


Therefore we have A 1 B' = B". By induction, we can prove the general case A’ p m (B') = p m {B") 
for any admissible sequence m. □ 

The existence of universal geometric cluster algebras is not clearly at all. A cluster algebra of 
finite type with universal coefficients is given in l‘F/,021 . It is a geometric cluster algebra, and its 
frozen rows are given by g -vectors of the corresponding cluster algebra with principal coefficients, 
we call it FZ-universal cluster algebra. 

Example 1. We consider the FZ-universal cluster algebra J[q> of type Ai, whose quiver Q' is as 
follows with matrix where 1 and 2 are exchangeable vertices and the others are frozen ones. 

3 4 

Q' : 1 -* 2 A 
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Given the following invertible matrix A, denote by Q" the ice quiver q/(/|l). where B" — A' B'. 

3 4 


A : 


2 1 0 0 0 

110 0 0 
0 0 3 2 0 

0 0 110 

0 0 0 0 1 



Then as the construction in above lemma, the matrix A induces a group homomorphism p from 
the coefficient group P' of 2 Aq> to the coefficient group P" of jAq", and it is straightforward to 
check that ip is a coefficient specialization. Thus 3 \q" is another universal cluster algebra of 
type A 2 , which is not a FZ-universal cluster algebra. We will show in Example\7\that the cluster 
automorphism group Aut( 2 R<Q') is D$ which is the biggest one in the cluster automorphism groups 
of gluing free cluster algebras of type Aj, while AuI(2Aq") is {id} which is the smallest one. 

2.4 Cluster algebras from surfaces 

Following 1 FST081 . we recall oriented marked Riemann surfaces and the cluster algebras arising 
from surfaces. An oriented marked Riemann surface (or surface for brevity) is a pair ( S,M ), 
where S is a connected oriented Riemann surface with boundary and M is a finite set of marked 
points on S. The marked points in the interior of S are called punctures. We assume that S is not 
closed and there is at least one marked point on each connected component of the boundary. We 
always assume that, for some technical reasons, ( S,M ) is none of a disc with one, two or three 
marked points on the boundary; or a once-punctured disc with one marked point on the boundary. 

Two curves in ( S , M) are the same if they are isotopic with respect to marked points. Two curves 
y and y' are compatible if there arc representatives of y and y' which do not intersect in S \ 
M. An arc is a non-contracted curve, with endpoints in M which arc the only possible self¬ 
intersection points. An arc is a boundary arc if it is isotopic to a boundary component with respect 
to marked points, otherwise it is an internal arc. An ideal triangulation of ( S,M ) is a maximal 
collection of compatible internal arcs. An ideal triangulation of{S,M ) with boundary [ST09] 
ADS 14 1 is a maximal collection of compatible arcs (which contains the boundary arcs). The 
arcs of the triangulation cut the surface into triangles (which may be self-folded). Given an ideal 
triangulation T without self-folded triangles (see Section 4 in llFST08l for the general case), we 
associate to it a quiver Qt as follows. 

(a) the vertices in Qt are the arcs in T ; 

(b) if two arcs y and y' are both sides of a triangle and y' follows y in the positive direction, 
then add an arrow from y toy'; 

(c) deleting all the 2-cycles. 

For the corresponding ideal triangulation T h with boundary, we associate to it an ice quiver Q T b 
in a similar way (we delete the arrows between boundary arcs), where the frozen vertices arc the 




















boundary arcs. Then Qt is the principal part of Q t i>. We associate cluster algebras Zt q t and 
Z\Q rb to Qt and Q t i, respectively. It is proved in 1FST081 that the cluster algebras ZIq t and Z\.Q Tb 
are independent on the choice of the triangulations. We call them the cluster algebras of ( S,M ), 
without boundary and with boundary respectively, and denote them by Zl(S,M) and Zl b (S,M) 
respectively. We obtain a new triangulation by flipping an ideal triangulation without self-folded 
triangles, where the flip of the triangulation corresponds to the mutation of the quiver. To flip 
an ideal triangulation at the internal arc of a self-folded triangle, Fomin, Shapiro and Thurston 
IFST08I introduced the tagged triangulation by adding tags 0 or 1 on the punctures. These trian¬ 
gulations one-to-one correspond to the clusters of ZIq t and induce one-to-one correspondences 
from the tagged arcs to the cluster variables. It is showed in BFST08H that any ideal triangulation, 
except for a triangulation of a 4-punctured sphere (which is closed and thus eliminated in our 
assumptions of the surfaces), can be obtained by gluing the puzzle pieces in Figure Q] along the 
matched sides (see Section 4 of 1 FST0 81 for details). The following lemma is useful in the paper. 



Figure 1: The three puzzle pieces 


Lemma 2.11. hFST08\H Lemma 2.13) The surface (.S’, M) has an ideal triangulation which con¬ 
tains no self-folded triangles. 

For a surface ( S,M ), the marked mapping class group describes the symmetries of the surface 
S with respect to the marked points and the tags of the punctures. We recall its definition from 
I ASS 121 . We denote by Homco + (.S', M) the group of orientation-preserving homeomoiphisms 
from S to S that fix M setwise, and HomeooCS, M) the subgroup of Homeo + (S, M) which con¬ 
sisting of homeomorphisms that are isotopic to the identity relative to M. Then the mapping class 
group M@{S , M) is defined as the quotient 

M@{S,M ) = Homeo + (S,M)/Homeo 0 OS,M). 

Note that the group MQ{S, M) acts on the set of ideal triangulations in the natrual way. Let Z be 
the power set of the set of punctures of ( S,M ). A homeomorphism in Homco ' (.S’, M) acts on Z 
pointwise. The set Z is a group with respect to the operation 0 : V\ QVi = QP\ QP\ n Vi). 

We define the marked mapping class group M) of the surface (.S', M) to be the semidirect 

product 

M@JS,M) = ZxM@(S,M), 

where the group operation is given by {fi,P\){f2,Pi) = (/ 1 ./ 2 , r P\ © f\QP2)) for any P\ , fo in Z 
and any f\,fz in Homco + (.S, M). This group acts on the set of tagged triangulations of (,S, M). 
with the Z part acting by simultaneously changing the tags of the arcs attached to the punctures. 
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On the one hand, since the orientation-preserving homeomorphism of ( S , M ) and the changing 
of tags maintain the combinatorics of the tagged triangulations, an element in MQ^(S ,M) in¬ 
duces a direct cluster automorphism of the associating cluster algebra Jl(S, M) (see section 4.4 in 
1 ASS121 for more details). On the other hand, a direct cluster automorphism in Aut + (SB(S, M)) 
induces an isomorphism between the quivers of two tagged triangulations of (S,M), and it is 
proved in UBS 1311 (Subsection 8.7) that except some special cases, the two tagged triangulations 
differ by an element in the marked mapping class group MQJfi ,M). Thus the marked map¬ 
ping class group M ) and the direct automorphism group Aut + (J[(S, M)) are isomorphic. 

More precisely, we have the following result: 

Let ( S , M) be a surface satisfies the following 


Assumption 1: Suppose that ( S,M ) is not one of the following surfaces 

(a) a once-punctured disc with two or four marked points on the boundary; 

(b) a twice-punctured disc with two marked points on the boundary; 

(c) a closed surface (which we have eliminated in the initial assumption of the 

Then the marked mapping class group MQ^(S ,M) is isomoiphic to the direct 
group Aut + (J[(S , M)) (see also in |BQ12| ). 


surfaces). 

automorphism 


3 Cluster automorphism groups and coefficients 

We study in this section the influence of coefficients on cluster automorphism groups. 

3.1 Gluing free cluster algebras 

In this subsection, we fix ( Q , x, J[q) a rooted cluster algebra with exchange matrix B = (bjj)( m+n y xn . 

Definition 3.1. We say that 

(a) two frozen vertices j and k are glueable in Q, if there is a positive rational number np such 
that bp = n -^bkifor any exchangeable vertex i in Q; 

(b) two frozen vertices j and k are strictly glueable in Q, if they are glueable with n^ = 1; 

(c) a frozen vertex j is prime, ifg.c.d (bp, ■ ■ ■ ,bj n ) = 1; 

(d) Q is strictly gluing free, if any two frozen vertices in Q are not glueable; 

(e) Q is gluing free, if any two frozen vertices in Q are not strictly glueable; 

(f) Q i s prime, if any frozen vertex is prime; 

(§) Q is prime gluing free, if Q is prime and strictly gluing free; 

(h) the rooted cluster algebra (Q,x,JIq ) is gluing free, if Q is gluing free; 

(i) the rooted cluster algebra ( Q , x, J\q) is prime gluing free, if Q is prime gluing free. 
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Remark 3.2. Note that Q is prime gluing free if and only if it is prime and gluing free. 

We separate the frozen vertices of Q into sets of glueable vertices, then we have a disjoint col¬ 
lection of sets , jijf, ■ ■ ■ ■ , js,t s } of frozen vertices of Q, where any two vertices 

(if there exist) in each set are glueable. Note that there may exist set with a single vertex. In 
fact Q is strictly gluing free if and only if all of these sets have a single vertex. The vertex 
separation determines a separation of coefficients in ${q. We denote the corresponding sets by 
{xj i j, ■ ■ ■ ,*/!,},••• , [xj s j, ■ • ■ , Xj sts } respectively. Then we have the following 

Theorem 3.3. For a rooted cluster algebra (Q , x, FIq), there is a unique prime gluing free rooted 
cluster algebra ( Q Pg f, x pgf, tA q f ) and a unique injective coefficient specialization p : F pg f —* P 

bljk i WjV 2 ^ jfc j 

such that for any 1 < k < s, there is a coefficient x Jk in P pg f which is mapped to x^ ' x ^ j ■ • • x ^ 
in P, where tij k { , nj k2 , • ■ • , nj k are positive integer numbers, and P pg f and Fare coefficient groups 
of&Q pgf and FIq respectively. 

Proof. We prove this by several steps: 


Step 1. We construct the needed prime gluing free quiver Q pg / (write as Q for simplicity) from 
Q. The principal part of Q is the same as the principal part of Q. There are s frozen vertices 
[j], ■ ■ ■ ,j s ] in Q, which is the set of representatives of the sets of glueable vertices in Q. We 
define the associating matrix B = ( bji)( n+s ) Xn of Q as follows. For each frozen vertex // f , 1 < k < s, 
let iij kl in Z + , 1 < / < Sk, be the greatest common divisor of { bj kl i , 1 < i < n). Then we have 


8 -c.d{^~, 


b h.v 


) = 1. Let 


b iki ~ 


'jk.ii 


for any l 4, k 4, s and any 1 < i < n. Note that bjp is independent on the choice of /. In fact, all 
of the order sets • • • , I < / < .sy, arc the same, since all of vertices L/, 1 < / < sg are 

n ik.i "ik,i _ 

glueable with each other. Then by the construction, Q is prime gluing free. 


Step 2. To show that p : P —> P gives a coefficient specialization, by lemma lT9l we only need to 
prove the equalities 


PtPi.J = Pfm 

for any exchangeable vertex i and admissible sequence m. 

b' ' b ■ 

For the case m = 0, ~p\ = n x ■ k ‘ and pt = [j x we have equalities: 

b jk i> 0 b Jk,l i>0 

<p(p!) = _n vixjkf* 


fljj . 

= _n ■ 

■■x h ’ tk ) b h 

jk,t k 

bj k i >0 

= n >'• 

bjk.tp 

■■X- 

- 11 Jk. 1 

bj k i >0 

Jk,t k 

II 

o 

X 



(3) 


11 





Similarly, we have <p(pj ) = p { . 

For the case m = (/'), where i' is an exchangeable vertex, we denote by (Qf ,x! ,TAq) and 
(Q ,xfa lg') the mutations l rt , (G) ) and (pi'(Q),p?(x), respectively. We 

denote by 5' = (//■)(, 1+m ) X « and 5 = (bjfan+qxn the corresponding exchange matrices of Q' and 
Q respectively. Then it is clearly that the exchange part of Q' and Q are the same. For any 
frozen vertex jk.i in Q, 


[ b hji + bjkji'bi'i if i * l ' and b j k ,ii' b i'i > 0 ; 
b j kJ i = | b Jkji - b h,ii' b i'i if i * i' and hjui'i’i'i < 0 ; 
l - b jkji if i ~ b ■ 


For any frozen vertex jk in Q, 



b J k i + fyki' b i’i 
b hi - b jki' b i'i 
-bj 


'JH 


if i f i' and bj k jbi'i ^ 0; 
if i T i' and bj k jbj'j < 0; 

if i = if 


Note that n jkl > 0, then from b jkli = n jkl b jki , b jkJ ? = n jkJ bj ki > and b n = bn, we have b' jui = 
njj) jki . Let g = g.c.d (b' JkU ■ ■ ■ ,b jkn ), then g | b jki , = -b jki >, and thus g | b jki for any 1 < i < n. 
Because g.c.d (b jk i, • ■ • ,b jk „) = 1, we have g = 1 . Thus g.c.d (// ,,, • • • , = n jkl . Therefore 

from the construction of the prime gluing free quiver, we have (jur(Q)) pg f - Pi'iQpgf )• Then by 
the case tu = 0, ipCpf (jl) ) = pf (i ,y Finally, we prove the equalities Qby inductions. 


Step 3. Since P pg f and P are both free abelian groups, from the construction of the coefficient 
specialization tp, it is not hard to see that ip is injective. The injectivity of ip yields that there are 
no more coefficients in 2 A< 2 pgf , excepting the ones /j , ■ • • ,j s , this guarantees the uniqueness of 

( Qpgf ’ x pgf ’ f^-Qpgf ) • D 

Remark 3.4. (a) It is not hard to see that ip not only maps ^Q pg fWpgf\ to ], but also 

induces an injective algebra homomorphism from 3 Kq . to SAq, which maps exchangeable 
cluster variables to exchangeable ones. We call Q pg f the prime gluing free quiver of Q and 
(Qpgf’ x pgf’ ^Qpgf ) die prime gluing free rooted cluster algebra of (Q, x, TR q). 

(b) We consider the disjoint collection of sets - ■ ■ ,j Ajs.iw , js,tj offrozen ver¬ 

tices of Q, where any two vertices (if there exist) in each set are strictly glueable. Then we 
define Q g f as the quiver obtained from Q by deleting the vertices jk.ifar any 1 < k < 5 and 
2 < / < s g . We denote by jk — jk.ifar simplicity. Then Q g f is gluing free. We call it the 
gluing free quiver of Q. It is not hard to see that we have similar results as in above theo¬ 
rem. That is, there is a unique injective coefficient specialization tp : P g f —» P such that for 
any 1 < £ < s, < p(xj k ) — Xj k , xj k 2 ■ ■ ■ Xj k J; . Similarly, ip induces an injective algebra homo¬ 
morphism from fR q f to IRq, which maps exchangeable cluster variables to exchangeable 
ones. We call (Q g f, x„y, IRq,,,) the gluing free rooted cluster algebra of (Q, x, TAq). 

Definition 3.5. Let (Q',x',IAq') and (Q", x",2Aq") be two rooted cluster algebras. We say that 
Q' ([Qf x'.IAq') respectively) and Q" ((Q". x" , TRq") respectively) are gluing equivalent, if their 
prime gluing free quivers are isomorphic. 
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Note that the gluing equivalent relation gives rise to an equivalent relation on ice quivers (thus 
on rooted cluster algebras). By this equivalent relation, we separate ice quivers (rooted cluster 
algebras respectively) to gluing equivalent classes, which consist of the gluing equivalent ice 
quivers (gluing equivalent rooted cluster algebras respectively). Each equivalent class is uniquely 
determined by a prime gluing free ice quiver. This prime gluing free ice quiver is a universal 
element in the sense of that there is a coefficient specialization from this quiver to any quiver in 
the equivalent class. 


Lemma 3.6. Let Q be an ice quiver and Q be its prime gluing free quiver (or gluing free quiver). 

(a) For any admissible sequence m, p m ( (Q) is the prime gluing free quiver (or gluing free quiver 
respectively) of p m (Q); 

(b) For any admissible sequence m, p m (Q) = Q (or Q P ) if and only if p m (Q) = Q (or Q° p ). 

Proof Part (a) follows from Step 2 in the proof of above theorem that the construction of a prime 
gluing free quiver (or gluing free quiver) commutates with the quiver mutation. Part (b) follows 
from (a) and the uniqueness of a prime gluing free quiver (or gluing free quiver respectively). □ 

Definition 3.7. We say a cluster algebra F\ prime gluing free (gluing free respectively), if there is 
a rooted cluster algebra ( Q , x, FI) of FI such that Q is prime gluing free (gluing free respectively). 

Then it follows from Lemma [3761 that a cluster algebra is prime gluing free (gluing free respec¬ 
tively), if and only if all of its exchange quivers are prime gluing free (gluing free respectively). 
We define FK-q constructed in Theorem l3.3K Remark l3.41 b') respectively) as the prime gluing free 
(gluing free respectively) cluster algebra of FIq. 

Let B nxn be an skew-symmetric square matrix, we call a cluster algebra Fl r>l with the initial matrix 
B pr = (^ j a cluster algebra with principal coefficients, where /„ is an identity matrix. 

Proposition 3.8. Any cluster algebra with principal coefficients is prime gluing free. 

Proof. This is clearly. □ 

Proposition 3.9. Any universal geometric cluster algebra is prime gluing free. 

Proof. Let (Q,x,FIq) be a rooted cluster algebra such that FIq is a universal geometric cluster 
algebra with coefficient group P. Denote by B = (bji\ m+n ) Xn the matrix associated to Q. To show 
that FIq is prime gluing free, it is sufficient to show that Q is prime gluing free. 

Lirstly, we show that all the vertices in Q are prime. Suppose that a frozen vertex j\ of Q is not 

prime. Denote by q = g.c.d(bj j] \ , • ■ • , /?/,«) £ Z + the greatest common divisor of the integers in 

_ . . 

j i row of B. Let B be the matrix obtained from B by replacing the elements bjq by for any 

1 < / < n. Denote by Q the ice quiver associated to B. Then we have a rooted cluster algebra 
(Q, x, FIq) in RCA(Q ex ), and we denote its coefficient group by P. Define a group homomorphism 
if : P —> P such that f(xj l ) = xj l q and ip(xj) = xj for the other frozen variables xj in x. Then it 
is not hard to see that tp is a coefficient specialization. On the one hand, since a composition of 
any two coefficient specialization is also a coefficient specialization, FIq is a universal geometric 
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cluster algebra with principal part Q ex . By the uniqueness of the coefficient specialization, <p is 
the only coefficient specialization from P to P, but note that the matrix of <p is not invertible. This 
contradicts the uniqueness of the universal geometric cluster algebra. 

Secondly, we show that Q is strictly gluing free. Suppose that Q is not strictly gluing free, since 
Q is prime, this means that there exist two strictly glueable frozen vertices /j and ji in Q. We 
define ip as a map from P to P with <p(xj n ) = x n , <p(xj., ) = xj h and <p(xj k ) = xj jt for the other frozen 
variables in x. Then tp induces a group homomorphism from P to P and in fact a coefficient 
specialization, which is different from the identity coefficient specialization. This contradicts the 
uniqueness of the coefficient specialization. Thus Q is gluing free, and we are done. 

□ 

Proposition 3.10. Let ( S,M ) be an oriented marked Riemann surface. Assume that (.S', M) is 
not a 4-gon. Then the cluster algebras kdl’iS. M) associated to ( S,M ) with coefficients is prime 
gluing free. 

Proof. To prove that J[ h (S, M) is prime gluing free, we only need to find a prime gluing free 
quiver of kft b {S, M). Assume that T is an ideal triangulation without self-floded triangles. Lemma 
12.1 II makes sense the assumption. Let T b be the corresponding triangulation with boundary. 
Denote by Q b the quiver of T b . We unify the arcs in T h with the vertices in Q b . Firstly, since each 
boundary is contained in a single triangle, there is at most one arrow between its corresponding 
vertex and any exchangeable vertex. Thus in Q b , each frozen vertex is prime. Secondly, we prove 
that jf’iS, M) is gluing free. Since there are no self-floded triangles in T, the type I triangle in 
Figure Q] is the only possible puzzle piece of T b . Let j be a frozen vertex in Q b , assume that j 
is adjacent to an exchangeable vertex i. Without loss of generality, we assume that they are in 
the following triangles, where the orientation is clockwise. Then there is an arrow from j to i. If 
there exists a frozen vertex k glueable with j, then by the orientation of the surface, it must be in 
the following position. We claim that the vertex ac must be frozen. In fact, if ac is exchangeable, 
then there is an arrow from ac to j. Since j and k are glueable, there is an arrow from ac to k. 
Thus ac and k must be in a triangle of T b , which is depicted as A acd in the picture. Therefore k is 
an exchangeable vertex, and we have a contradiction. Similarly, bd is also a frozen vertex. Thus 
(S,M) is a 4-gon, a contradiction to the assumption. Therefore kkll’iS. M) is gluing free. We are 
done. 



Example 2. We consider the 4-gon with the following triangulation. 


14 
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3 



4 


5 


Then in its ice quiver Q b , the frozen vertices 2 and 4, 3 and 5 are strictly glueable. Therefore Q b 


is not gluing free. 

Theorem 3.11. Let (Q , x, PAq) be a rooted cluster algebra and (Q , x, PAq) be its gluing free rooted 
cluster algebra. Let - - - , ,{j s ,W‘ > j s ,t s } be the collections of strictly glueable 

vertices of Q. Then 

(a) there is an injective group homomorphism 4> from AuHPAq) to Aut(Ajj) X S tl X • • • X S; 

(b) there is an injective group homomorphism 4> 1 from Au 1 + (PAq) to A lit fPAjj)xS t[ X - ■ - xS ts . 

Proof. We use the notations in the Remark [3~4l (b4. Let cp : PAq —» PAq be a cluster automor¬ 
phism of PAq. Then it induces a bijection from x to p m (x) for some admissible sequence m, and 
a permutation cr on the vertex set Qq of Q such that cp(xj) = /r^fTo-O')) for any x-, e x. And cr 
induces a permutation cr' on the frozen vertices of Q. Since cp is an automorphism, cr' maps 
strictly glueable vertices to the strictly glueable ones. Thus cr' induces a permutation on the par¬ 
tition { 711 , • • • , y' 1 ,/ 1 }, • • • , {/v,i, • • • , j s ,tj- Therefore cr' induces a permutation c t" on the frozen 
vertices {/j, • ■ • , j s } of Q which maps f. to j <T "(k) for each 1 < k < s. Then we can write cr' 
as (cr", o~i, • • • ,cr s ) by mapping each j kJ to ja"(k\o- k U), where cr k is a permutation on { 1 , • t k \. 
Define cp' : x —» p m (x) as a map by cp'(xf = p CT (T (r(/ )) for any exchangeable vertex i of Q and 
cp'(xj k ) = p m (T.j ir „ fl:) ) for any 1 < k < s. Since cp is a cluster automorphism of PAq, by Proposition 
I2.5l (al. it maps Q to an ice quiver which is isomorphic to itself or to an opposite quiver. Therefore 
by using Proposition 12. 5 K af again, Lemma lT 6 t b) shows that cp' induces a cluster automorphism 
cp" of PA-q. We define (cp", oq, • • • , cr s ) as an element Aut(PAg) x S tl X ■ • ■ X S ts . Then it is not hard 
to see that ® : <p —> (cp",cr\, ■ ■ • , cr s ) is an injective group homomorphism. The second group 
homomorphism follows from the first one and Lemma lThl b ). □ 

Remark 3.12. Note that a permutation of strictly glueable vertices of Q induces an automor¬ 
phism of Q, then it induces an automorphism of PA q. Thus <1> is surjective onto S X • • • X S ts . 
However, ® may not be a surjection, see in the following example. We consider the following 
ice quiver Q with frozen vertices 3, 4 and 5. Then its gluing free quiver is Q, where 3 and 4 are 
frozen vertices. 




Then p\p2(Q) — Q 1 , an d it induces a opposite cluster automorphism cp of PA-q. However p\pAQ) 
is neither isomorphic to Q nor to Q op . Thus cp is not an image of 4>. 
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3.2 Exchange graphs 


Recall from HFZ021 and I1FZ07I1 that for a cluster algebra TAq, where Q is an ice quiver with n 
exchangeable vertices, the exchange graph Eq of 3\q is a //-regular graph whose vertices are the 
seeds of q and two vertices are connected by an edge labeled by jq, 1 < i < n, if and only if 
the corresponding seeds are adjacent in direction Xj. In our settings, the clusters determine the 
quivers, thus the vertices of Eq are in fact the clusters of J\q. It is proved in I CKLP13 1 (Theorem 
4.6) that Eq only depends on the principal part Q ex , that is, there is an isomorphism from Eq to 
Eq™. The correspondence on the vertices is given by the specialization S e- for each vertex x on 
Eq, S e(x) is obtained from x by specializing any frozen variable in the exchangeable variables 
to integer 1, and forgetting the frozen part of x. 

Now we introduce the following notion: 

Definition 3.13. An automorphism of Eq is an automorphism ofEQ as a graph, that is, a permu¬ 
tation cr of the vertex set, such that the pair of vertices (u, v) forms an edge if and only if the pair 
(o~(u), cr(v)) also forms an edge. 

Then an automorphism of Eq gives a bijection on the vertices and on the edges of Eq, and maps 
adjacent vertices to adjacent ones. It is clearly that the natural composition of two automorphisms 
of Eq is again an automorphism of Eq. We define an automorphism group Aut(EQ ) of Eq as a 
group consisting of automorphisms of Eq with compositions of automorphisms as multiplica¬ 
tions. Then the isomorphism S e '■ Eq —» Eq<-> induces a group isomorphism from AuTEq) to 
Aut(E q?x) , we also denote it by Se- 

Example 3. We consider the cluster algebra of type A 3 with initial seed ( Q, [x\, x^, X 3 }), where 

Q is 1-- 2-- 3 . Then its exchange graph Eq is depicted in Figure [2] where the vertex O 

represents the seed (Q, [x\, xi, X 3 [). Note that there are three quadrilaterals and six pentagons 
in Eq. Since an automorphism of a graph maps vertices to vertices, edges to edges and thus 
faces to faces, it is not hard to see that the automorphism group AuI(Eq) is generated by r and 
cr showed in Figure \2\ The automorphism t is given by the dashed lines , maps red edges to red 
ones and maps green edges to green ones. The automorphism cr is the reflection along the central 
axis. Note that the order of r is 6, the order of cr is 2 and the only relation which they satisfy is 
err = r 5 cr. Thus AliI(Eq) is isomorphic to the dihedral group Of,. 

Theorem 3.14. Let Q be an ice quiver with at least two exchangeable vertices. 

(a) IfQ is gluing free, then the cluster automorphism group AuI(TAq) is a subgroup of AuI(Eq). 

(b) If Q is not gluing free, denoted by {ji,i, ■ ■ ■ , ji , tl }, ■ • ■ , {j s , 1 , ■ ■ • , j s ,tj the collections of 
strictly glueable vertices ofQ, then the cluster automorphism group AuINAq) is a subgroup 
ofAut(EQ) X Sti X • • • X S ts . 

Proof, (a) Let / be an automorphism of NIq, then Proposition 12.31 3) yields that / gives rise to a 
map /' from the vertices of Eq to the vertices of Eq. In fact /' is a bijection since / is an auto¬ 
morphism. For any vertex x and its adjacent vertex x' = x\{x}U{p A (.r)} in Eq, we have f(p x (x)) = 
Pf(x)(f(x)) since / is a cluster automorphism. Thus we have fix') - fix) \ \f(x) \ U { pp X )(f(x)}. 
Therefore the vertices /'(x) and /'(x') are adjacent in Eq. We have proved that /' is an auto¬ 
morphism of Eq, and it is not hard to see that this yields a group homomorphism from Aut(NlQ) 
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Figure 2: The automorphisms of exchange graph of type A 3 


to Aut(EQ). For the injectivity, if f is an identity on Eq, then / fix any cluster, and it is not 
hard to see that it fix any exchangeable variable. On the other hand, since Q is gluing free and 
Q has at least two exchangeable vertices, any permutation of frozen variables does not induce an 
automorphism of TAq. Thus / fixes any cluster variables, and it is an identity on AAq. Therefore 
Aut{tftQ) is a subgroup of Aut{Eo). 

(b) Let Q be the gluing free quiver of Q, then it is gluing free. Therefore, by (a), Auti^Ag) 
is a subgroup of Aut(Eg). Moreover, since AnffEg) = Aut(Eg) and AiuEAq) is a subgroup of 
Aut({A-^)xS ti x- • •x5 , / s by Theorem l3.111 A»f(7Ag) is a subgroup of Aut(Eg)xS tl x • • • xS ts - □ 

Example 4 . If Q is an ice quiver with a single exchangeable vertex, the results in Theorem Id. 741 
may be not true. We consider the cluster algebra JIqi, of a 4-gon with the initial triangulation 
given in Example \2\ Then the exchange graph of SAqi, is a line segment with two vertices and its 
automorphism group Aut(E ( jh) is isomorphic to S 2 . 

• - • 

On the other hand, Aut(Jl Q b) =< cr xm ( Xl ) > X < a XlM > X < (r X}X . > x < o- X 2 X 5 cr X3X4 >= 
Si X .S'2 X .S ' 2 X .S'2. where we denote by cr x . Xj (<r Xlfl] ( Xl ( respectively) the automorphism of JIqi, 
induced by the permutation of cluster variables x t and Xj (x\ and p\(x\) respectively). Then 
Aut(tA.Qb) =S 2 xS2xS 2 xS2is not a subgroup ofAut^Egb) xS 2 xS2 = S 2 xS2xS2- 

Example 5. We consider the cluster algebra of type A 3 with initial seed ( Q , {xi,x 2 , X3}), where 

Q is 1->■ 2- 5 - 3 . As showed in Example 0 Aut(EQ) is isomorphic to the dihedral group 

D(, generated by r and cr. Here r induces a bijection on the cluster variables of E\q, and we also 
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denote it by r. In fact r is a cluster automorphism which is induced by the AR-translation on the 
cluster category of the algebra kQ (see Section 3 of LASS 12\l for more details), it is given by: 


( 

1— > 

l+*2 

Xi 

*1 

X 2 

1—> 

*l+;t3+*2 *3 

*1*2 

, *3 


(l+.tOta+A'j) 


*1*2*3 


On the other hand, the automorphism cr ofEQ corresponds to the opposite automorphism of NIq 
given by exchanging the cluster variables x\ and X 2 - Therefore Aut(EQ ) c AuI(TAq). Note that 
from Theorem \3.14\ Aut(SAQ) is a subgroup of AliI(Eq), thus AlU(SAq) = AuHEq) = Dg. 

Remark 3.15. In the subsequent paper hCZl 5b\ ! we prove that for a coefficient free cluster alge¬ 
bra IAq, the two groups Aut(Ao) and AuI(Eq) are isomorphic with each other, if FA is of finite 
type, excepting types of rank two and type F 4 , or 3\ is of skew-symmetric finite mutation type. For 
a cluster algebra of type F 4 and all the non-skew-symmetric cluster algebra of rank two, AuiINIq) 
is a proper subgroup of A uI(Eq). 

Example 6. Let Q' be the following quiver, where vertices 4 and 5 are frozen. 

4 5 

1—>2—>3 

The seed (Q', [x\,X 2 , X 3 , X 4 , * 5 }) defines a cluster algebra J\q’. We consider the cluster automor¬ 
phism group Aut(SA.Q>). Note that the vertices 4 and 5 are strictly glueable, thus exchanging the 
corresponding cluster variables X 4 and x$ induces a cluster automorphism 5 of AuHNIq'), whose 
order is two, thus { 1 , 5 } = S 2 is a subgroup of Aut(fft.Q’). On the other hand, we consider the 
gluing free quiver of Q': 


Q' - 


1- 


4 

T 

* 2 - 


The exchange graph of FAyy is depicted in Figure [ 3 ] which is isomorphic to the one in Figure \2\ 
An automorphism in Aut(AAyy) maps Q' to a quiver isomorphic to Q' or to Q'° P . A direct compute 

shows that there are two seeds satisfy the above property: p\p f Q') = Q'• FiFiFiFiiQ') — 0'°' ■ 
Then the automorphisms of lAyy is showed in Figure [?] (compare with Figure [ 2 ]), where t and cr 
are algebra homomorphisms determined by: 


and 


( 

1 —> 

l+*2 


x 1 

*1 


X2 


*1+*3 *4+*2*3 *4 



*1*2 

X3 


(l+Xl)(Xl+X 3 X 4 ) 


*1*2*3 

X 4 

h-> 

X4 



' xi 

h-> 

*3 


x 2 

1 —> 

*2 

cr : • 

X3 

1 —> 

xi 


X 4 

1 —> 

X 4 . 


Then Aut(FAyy) = {1, r 3 , tct, t 4 ct} = K 4 is a proper subgroup of AuKE—f, which is isomorphic to 
D(,. Finally we have Aut(3\.Q’) = AiffiFAyy) xfl.dJ^SFxSSxS^. 
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Figure 3: The automorphisms of a cluster algebra of type A 3 with a coefficient 


3.3 Main results 

Theorem 3 . 16 . Let Q' be an ice quiver with principal part Q. Assume that there are at least two 
vertices in Q. 

(a) HQ' is gluing free, then AiU(J[q>) is a subgroup of Aut(SAo), and Am + (J{q') is a subgroup 
ofAut + (IA Q ). 

(b) If Q' is not gluing free, denoted by {j' 1 , 1 , ■ • • , j i, fl },-•■, {j s ,i, • ■ ■ , j s ,tj the collections of 
strictly glueable vertices of Q'. then AiUPAq’) is a subgroup of AuH JIq) X S tl X • • • X S ts , 
and Aut + (J{Q') is a subgroup ofAut + {Ift<Q) X S tl X ■ • • X S ts . 

Proof (a) We define a group homomorphism S& from Aut(J[Q>) to AuHPIq), and prove the 
following diagram of group homomorphisms commutes : 

Am(Eq ') — Sr > Aut(EQ ) 

i' i 

S 

Aut{tPiQ') ——^ AuHIRq) , 

where i and i' are injections by Theorem 13. 141 a). and S e is the isomorphism given in subsection 
13.21 Then the morphism i o S& = Se 0 i' is injective, thus S& is injective, that is, Aut{J[Q') is a 
subgroup of Aut( 3 lQ). 

We consider the rooted cluster algebra (Q r ,x', jAg/) and the rooted cluster algebra (Q, x, J[q). 
Assume that x — \x\,X 2 ,' * and x — { x\,X 2 ,* ■ '.-Fi.-Fh- 1 ,* • wheie Xn+\,' • ■, x,t=,n 

are frozen variables of jAg/. Define ® : J\q' —> CAq as the specialization, that is, specializ¬ 
ing frozen variables in 3\q> to the integer 1. It is clearly that O(x') = x U {1}. It is proved in 
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licz 14l (Proposition 2.39) that O is a surjective rooted cluster morphism from (Qf, x', ft q> ) to 
(Q, x, fttf). Let / be an element in Aut{ft.Q). We define S^(/) = dr/cD^ 1 : J[q —> ft.Q, then it 
is a ring homomorphism. To prove that S^{f) is an cluster automorphism on ft q, we show that 
it satisfies the conditions in Proposition 12.51 2). This easily follows from that / is a cluster auto¬ 
morphism. Moreover, it is not hard to see that S^i is a group homomoiphism. Finally, the above 
diagram is commutative since S e and S ^ are both defined by specializations. Then Aut{ft.Q>) 
is a subgroup of Aut(fto). The injection .S' ^ : Aut(ftQ>) —> AuI(SAq) induces an injection from 
Aut + (J{Q') to Aut + (ft.Q). Thus we have done. 

(b) This follows from Theorem 13.141 b) and (a). □ 

Corollary 3.17. (a) For a cluster algebra with principal coefficients, excepting type Aits 

cluster automorphism group is a subgroup of the cluster automorphism group of its princi¬ 
pal part cluster algebra. 

(b) For a universal geometric cluster algebra, excepting type A\, its cluster automorphism 
group is a subgroup of the cluster automorphism group of its principal part cluster algebra. 

Proof. It is prove in Proposition 13.81 and Proposition 13.91 that these two kinds of cluster algebras 
are prime gluing free, and thus gluing free. Then the result follows from above theorem. □ 

Example 7. We consider the cluster algebra Aft q of type A 2 and the two of its universal geometric 
cluster algebras ftp/ and ft q" in Example [7] Then the cluster automorphism groups A ut(ftg>) 
and Aut(ftQ>>) are both subgroups of Aut(ft q) which is isomorphic to D> A straightforward 
compute shows that A Lit (ft q>) = D 5 and Aut(ft.Q") = {id). We prove in the subsequent paper 
l\CZ15a\l that Autfft) is always isomorphic to Aut(ft umv ) for a cluster algebra ft of finite type 
and its FZ-universal cluster algebra ft umv . 

For a gluing free cluster algebra, its cluster automorphism group may be a proper subgroup of 
the cluster automorphism group of its principal part cluster algebra (see Example [6] and Example 
0). We show in the following theorem that for most cluster algebras associated to surfaces, the 
coefficients do not affect the cluster automorphism groups. 

Theorem 3.18. Let ( S,M ) be an oriented marked Riemann surface satisfies the Assumption 1, 
and not be a 4-gon. Let ft(S, M) and ft h (S, M) be the cluster algebras associated to ( S,M ) with¬ 
out coefficients and with coefficients respectively. Then there are isomorphisms Aut + (ft(S, M)) = 
Aut + (ft b (S, M)) and Aut( ft(S , M)) = Aut(ft b (S , M)). 

Proof. For the surface satisfies the Assumption 1, its marked mapping class group MQ ftS, M ) 
are isomorphic to the direct cluster automorphism group Aut + (ft(S, M)). On the one hand, it fol¬ 
lows from Proposition B. lOl and Theorem 13. l hl that Aut + {ft b {S, M )) is a subgroup of Aut + (ft(S, M)), 
and thus a subgroup of MQ^iS, M). On the other hand, it is clearly that an element in the marked 
mapping class group MQftS, M ) maps the boundaries to the boundaries and maintains the com¬ 
binatorics of the tagged triangulations with boundaries. Thus it not only induces a cluster au¬ 
tomorphism of ft(S,M), but also induces a cluster automorphism of ft b (S, M). Therefore the 
three groups AuFi ftiS, M)), MQftS, M) and Aut + (ft b (S, M)) arc isomorphic. For the second 
isomorphism, note that if Aut + (ft(S,M )) = Aut(ft(S, M)) then Aut(ft(S, M)) = Aut{ft b {S,M)). 
Now we assume that Aut + (ft(S,M)) is a proper subgroup of Aut(ft(S , M)), then by Lemma [2T6l 
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its index is 2. Thus there exist two triangulations T and T of ( S,M ) such that Qt = Q°j,. 
Then by the orientation and the combinatorics of the surface, we have Q T b = Q <p ’ h . Thus the 
index of Aut + (LA b (S , M)) in Aut(J[ b (S, M)) is also 2. On the other hand, there is an isomor¬ 
phism Aut + (J{(S, M)) = Aut + (3f’(S, M)) from the first step, and Aut(^A b (S, M)) is a subgroup 
of Aut{tft{S,M)) by Theorem 13 . 161 Thus we have an isomorphism between Aut(SA(S, M)) and 
Aut{W b (S,M)). □ 

Theorem 3.19. Let Q be a quiver with at least two vertices. Let J[ pr be the principal coefficient 
cluster algebra of Q. Then Aut(fL\ pr ) = Aut + (cft pr ) = Aut(B) = Aut(B pr ). 

Proof. Firstly, note that Aut(B) = Aut{B pr ), and an automorphism of B. or equivalently, an auto¬ 
morphism of B pr induces an automorphism of jA pr by exchanging the initial cluster variables of 
J[ pr . Thus Aut(B) = Aut{B pr ) c Aut(Pl pr ). Secondly, it is proved in I BDP141 (see Proposition 
2.10 and Corollary 2.12) that in seeds on exchange graph E^ P r, excepting Q pr itself, there exist 
no ice quivers which are isomorphic to Q pr , and there exist no ice quivers which are isomorphic 
to the opposite quiver of Q pr . Thus any automorphism <x e Aut(LA pr ) is direct and must map Q pr 
to itself. Therefore Aut(Jl pr ) = Aut + (J[ pr ) = Aut(B) = Aut{B pr ). □ 
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